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Robust Variable Structure Controller Design
for Fault Tolerant Flight Control

Dohyeon Kim and Youdan Kim
Seoul National University, Seoul 151-742, Republic of Korea

A model following control scheme is proposed that possesses fault detection and isolation capabilities as well
as a fault tolerance property. The proposed model following controller is designed based on a variable structure
control (VSC), and the scheme does not require the parameter estimation process for recon� gurable control. The
main idea of the proposed algorithm stems from the fact that the nonlinear control of VSC counteracts external
disturbances. The proposed algorithm is shown to be very useful for the case of control surface damage in aircraft,
where the parameter change and external fault signal satisfy the matchingconditions. The nonlinearcontrol action
that suppresses the fault effect can be used to determine how serious the damage is. Numerical results show the
applicability of the proposed algorithm.

Nomenclature
A = system matrix
Am , Bm = system/output matrix of the model to be followed
a = gain parameter for discontinuouscontrol input
B = input matrix
b(t) = bounding function of k n 1(t ) k
C = output matrix
C1 , C2 = partitioned matrices of CT T

da = ratio of lateral elevator location to aileron
location from the body c.g.

d f = fault effect vector, px + hu + f
e = state error, x ¡ xm

ey = output error, y ¡ ym

F = sliding gain, for example, (GC2) ¡ 1G
F f = feedforward gain to construct Bm i.e. Bm = BF f

f (t ) = actuator fault vector
G = sliding surface matrix
g = acceleration of gravity
h(x , u, t ) = m £ m matrix i.e. D B = Bh
K = state feedback gain to construct Am i.e.

Am = A ¡ B K
Ke = gain for output error feedback
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Km = gain for output error feedback
La = stability derivative of roll moment

with respect to a
M = basis of left annihilator of C2

mail , mrud, mele = signals to be monitored to diagnose control
surface damage

Na = stability derivative of roll moment
with respect to a

p(x , t ) = m £ n matrix i.e. D A = Bp
r = yaw rate
Sa , Sr , Sv , Sw = areas of aileron, rudder, vertical � n, wing
s = sliding variable
T = transformationmatrix
ts = time at which sliding motion starts
ud = discontinuouscontrol input
ueq = equivalent control
u(t ) = input vector
VT = total velocity of the aircraft
x(t ) = state vector
Ya = stability derivative of side force with respect to a
b = sideslip angle
C = m £ n arbitrary matrix
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c = gain parameter for Ke

c e = path angle of the aircraft at trim point
D A = uncertainty/nonlinearity in system matrix
D Aail , D Arud = D A caused by aileron/rudder damage
D B = uncertainty/nonlinearity in input matrix
D Bail , D Brud = D B caused by aileron/rudder damage
d = width of boundary layer
d a = aileron de� ection
d r = rudder de� ection
f a , f r , f e = ratios of damaged area of aileron/

rudder/elevator to their total areas
f 0

a , f 0
r = ratios of damaged area of aileron/rudder

to the overall wing area
h e = pitch angle of the aircraft at trim point
¡ k i = real part of i th eigenvalue of reduced-order

matrix Ar

k min = min{k i }
l , r = conversion parameters of the moments of inertia
q = bound for uncertainty and disturbance
u = roll angle

I. Introduction

F AULT tolerant control methodologies can be divided into two
categories: passive fault tolerant systems and active fault tol-

erant control systems.1 A control system that possesses enough ro-
bustness to cope with possible fault occurrence can be considered
as a passive fault tolerant control system.2 ¡ 5 An active fault tolerant
control system, however, is de� ned as a control system that has the
ability to accommodate fault by recon� guring the control structure.

Active fault tolerantcontrolproceduresinclude the fault detection
and isolation process and the control redesign (recon� guration)
process. The control redesign problem has been a challenging
issue during the last decade.6 ¡ 14 Previously proposed methods
include the gain scheduling pseudoinverse method,7,8 feedback
linearization,9 ¡ 11 knowledge-based systems,1 and the eigenstruc-
ture assignment technique.12 A few recent works have utilized the
linear model following method.13,14 However, the performances of
the existing control recon� guration methodologies depend on the
accuracy of system identi� cation that must be performed online.

In this study, we proposea fault tolerant model following control
law based on the variable structure control (VSC) scheme. The pro-
posed method does not require the control redesign process while
it does possess the ability to detect and to isolate possible control
surface damage.

An essential feature of VSC is nonlinear feedback control with
discontinuityon the switchingsurfaces.15 ¡ 17 The control is designed
to drive the system to the prede�ned sliding surfaces and then to
constrain the system state to remain there. The motion in the slid-
ing surface, known as sliding motion, can be described as a low-
order unforced system and is invariant to the parameter variation
and external disturbances within the input channel. This inherent
invariance enables fault tolerant performance in the face of control
surfacedamage that satis� es thematchingconditionswithout online
(damaged) system identi� cation. Recently, Shtessel and Tournes18

and Shtessel et al.19 designed a recon� gurable � ight control sys-
tem utilizing this invarianceof VSC. The designedsystem achieves
tracking performance after damage in the control surfaces without
violating actuator limits.

The methodologyproposedin thispaper adoptsthe model follow-
ing scheme, which minimizes bumps in the control recon� guration
stage,with VSC. Therefore,with the help of the invarianceproperty,
the method removes the toil of system identi� cation, and, thus, the
time required to cope with the faults is reduced. It is also clear that
the parametersof VSC may be updated to improve the effectiveness
of fault tolerant control when system identi� cation is possible. In
additionto utilizingthe invarianceproperty,the algorithmin this pa-
per also makes use of the nonlinear control action to reconstruct the
effects of control surface damage. This fault reconstructionconcept
has lately been introduced in VSC observer schemes,20,21 although
they are much different from the algorithm in this paper. Because
the methodology proposed in this paper is in the form of model
following control, the sliding variables are computed from the out-

put errors, which re� ects the effect of the control surface damage.
Hence, the comparisonof nonlinearcontrol action and the adequate
set of signals enable diagnosis of control surface damage.

The paper is constructedas follows. In Sec. II, a model following
control scheme based on VSC is developed. The proposed control
system satis� es the reaching condition and has the ability to re-
construct a certain set of faults. Section III describes modeling of
the control surface damage. The result of a numerical simulation is
given in Sec. IV to demonstrate the applicability of the proposed
methodology.

II. VSC-Based Model Following Control
Problem Statement

Consider a system described by

Çx(t ) = [A + D A(x, t )]x(t ) + [B + D B(x , t )]u(t) + Bf (t) (1)

y(t) = Cx(t ) (2)

where x(t) 2 Rn is a state vector, u(t ) 2 Rm is a control input vector,
y(t) 2 R p is an output vector, and f(t ) 2 Rr (r ·m) represents the
possible added-form actuator fault with bounded magnitude. The
matrices A, B, and C are real matriceswith appropriatedimensions,
and variations D A and D B denote uncertainty and nonlinearity in
the plant and input parameters. We give the following assumptions.

Assumption 1: The pairs (A, B) and ( A, C) are controllable and
observable, respectively.

Assumption 2: There exist matrix functions p(x , t ) and h(x , u, t)
that satisfy the following matching conditions:

D A(x , t ) = Bp(x , t) (3)

D B(x , u, t ) = Bh(x , u, t ) (4)

The physical meaning of this condition is that the variations and
disturbances come through the input channel.

Assumption 3: The effects of uncertainty and disturbance are all
bounded; there exists a known non-negative scalar q such that

k px + hu + f k · q (5)

where k k denotes an induced norm.
The reference model to be followed is described as

Çxm(t ) = Am xm (t ) + Bmr (t) (6)

ym (t) = Cxm(t ) (7)

If the system described by Eqs. (1) and (2) follows the reference
model selected as a nominal healthy closed-loop system, it can be
said that the fault tolerant control objective is achieved. From this
viewpoint, it is natural to choose the model system matrices as

Am = A ¡ BK (8)

Bm = B F f
(9)

where K is the state feedback gain chosen by considering system
stability and performance, and F f is the feedforward gain to track
the command input.

Let us de� ne the errors between the model and the plant state as

e(t ) = x(t ) ¡ xm(t ) (10)

ey (t) = y(t) ¡ ym(t ) = Ce(t ) (11)

Differentiating Eq. (10) with respect to time and substituting
Eqs. (1), (2), (6), and (7) into the resulting equation yield

Çe = ( A + D A)x + (B + D B)u + B f ¡ Am xm ¡ Bmr

= A(x ¡ xm) + Bu + B K xm ¡ Bmr + B( px + hu + f )

= Am e + Bu + B K x ¡ Bmr + B( px + hu + f ) (12)

Reaching Control
If it is possible to design a control law that makes the error dy-

namics described by Eq. (12) be stable even with the faults, then
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the system describedby Eq. (1) has a fault tolerant property.VSC is
more useful for this purpose than any other recon�guration strategy
because it may assign desired characteristics to the transient error
dynamics in addition to its inherent robustness.The space in which
transient error lies is de� ned to be in the sliding mode, whose de-
sign is frequently called the sliding surface (or hyperplane) design.
In this paper, a new sliding surface design scheme is proposed in
the subsequent section.

Let us denote the sliding mode as

s(t ) = Gey (t) = GC[x(t ) ¡ xm(t )] = 0 8 t ¸ ts (13)

where ts is the time at which the sliding motion starts and the m £ p
matrix G is selected for GCB to be nonsingular. By the de� nition
of the sliding mode, the velocity of s(t ) should also be zero,

Çs(t ) = G Çey(t ) = GC Çe(t ) = 0 8 t ¸ ts (14)

By the use of Eqs. (12–14), the equivalentcontrolcan be obtainedas

ueq = ¡ (GC B) ¡ 1GC[Ame + BK x ¡ Bmr + Bd f ] (15)

where

d f = px + hu + f (16)

Substituting ueq into Eq. (12) yields

Çe = [I ¡ B(GC B) ¡ 1GC][Ame + BK x ¡ Bmr + Bd f ]

= [I ¡ B(GC B) ¡ 1GC]Am e (17)

Therefore, gain matrix G should be selected in considerationof the
eigenvalues of the [I ¡ B(GC B) ¡ 1GC ]Am matrix. The procedure
for designing sliding surface G will be summarized in the next
section.

To reach the designed sliding mode, a number of control strate-
gies can be used: relays with either � xed- or state-dependentgains,
linear feedback with switched gains, and widely used unit-vector-
type controls. In this paper, a simple control structure is proposed
as follows.

Lemma: A control in the form of

u(t ) = ¡ K xm + Keey + Kmr + ud (18)

where

Ke = ¡ c (GC B) ¡ 1G, Km = (GC B) ¡ 1GC Bm = F f

ud = a(GC B) ¡ 1 k GC B k sgn(s), sgn(s) = sgn

8
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and a and c are scalar parameters, satis� es the reaching condition
of

d

dt

µ
1

2
(sT s)

¶
< 0 (19)

under Assumptions 1–3
Proof: Using Eqs. (12–14), we obtain

sT Çs = sT G Çey

= sT GC[Ame + Bu + BK x ¡ Bmr + Bd f ]

= sT GC[Ae + BKeCe + Bd f + Bud ]

= sT {GC[A ¡ c B(GC B) ¡ 1GC]e + GC(Bd f + Bud )}

= sT {GC( A ¡ c I )e + GC B(d f + ud )}

= eT C T GT GC( A ¡ c I )e + sT GC B(d f + ud ) (20)

If ( A ¡ c I ) is negative de� nite, Eq. (20) becomes

sT Çs = ¡ eT C T GT GC QT Qe + sT GC Bd f + asT k GC B k sgn(s)

· k s k k GC B k k d f k + a k GC B k sT sgn(s) (21)

By considerationof the Assumptions, the preceding inequality can
be written as

sT Çs · k GC B k [q k s k + asT sgn(s)] (22)

Hence, the reachingcondition is achievedby selectinga suf� ciently
large value of a, that is, a < ¡ q .

During the sliding motion, the high-frequencychattering of dis-
continuous control can be present around the switching surface.
This chattering behavior of the actuator could result in continuous
saturationor excitationof high-orderdynamics.This continuoussat-
uration is especially hazardous in aerospace applicationsbecause it
may cause pilot-inducedoscillations.22 To overcome this chattering
problem, several methods replacing the discontinuous control with
a nonlinear continuous one have been suggested. In this paper, a
simple saturating control is adopted as

sat(s / d ) =

8
<

:

1 if s > d

s / d if j s j < d

¡ 1 if s < ¡ d

(23)

where the positive scalar d is a design parameter that dependson the
system. Within the boundary layer or ¡ d < s < d , control is linear,
whereas it is identical to the original relay outside the boundary
layer. With this control, the system is driven to the boundary layer
(near the sliding motion), not to the exact sliding surface s =0. As
a result, chattering is removed; however, invariance is degraded at
the same time.

Sliding Surface Design
Design of sliding surfaces is equivalent to prescribinga reduced-

order dynamics of the system on the sliding surface, which is the
transientdynamicsof error.The design techniquesfor state feedback
are mainly due to Refs. 23 and 24. Sliding surfacedesign techniques
for output feedback VSC are under development.25 ¡ 27 In this paper,
a simple algorithm modi� ed from Ref. 25 is used. Let us start with
the dynamics extracted from Eq. (12). Note that the other terms in
Eq. (12) have no effect after reaching sliding motion, which can be
seen in Eq. (17):

Çe = Ame + Bu (24)

ey = Ce (25)

Consideran orthogonal transformationby setting z = T e, where the
transformationmatrix T is de� ned so that

T B =

µ
0

B2

¶
(26)

Partitioning z as b zT
1 zT

2 c , where z1 2 Rn ¡ m and z1 2 Rm , yields

Çz1 = A11z1 + A12z2 , Çz2 = A21z1 + A22z2 + B2u (27)

ey = [C1 C2]z (28)

where µ
A11 A12

A21 A22

¶
= T Am T T , [C1 C2] = CT T

The sliding dynamics can be written as

s = 0 = GCe = GC1z1 + GC2z2 (29)

Therefore, Eqs. (27) and (28) can be written as

Çz1 = (A11 ¡ A12 FC1)z1 (30)

ey = (I p ¡ C2 F)C1z1 (31)

where

F = (GC2) ¡ 1G (32)
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As we can see, the sliding surfacedesign is to assign the eigenvalues
of ( A11 ¡ A12 FC1) to the desired values under the constraint of
FC2 = Im .

The solution of Eq. (32) can be obtained as

F = C ¡ L
2 + C M T (33)

where C ¡ L
2 is the left inverse of C2 , M is the basis of the left annihi-

lator of C2 , that is, M T C2 =0, and C is an m £ p arbitrary matrix.
The design procedure can be summarized as follows.
1) Find C such that ( Â11 ¡ A12 C Ĉ1) has the desired spectrum,

where

Â11 = A11 ¡ A12C
¡ L
2 , Ĉ1 = M T C1

2) Compute F using Eq. (33).
3) Find G using the relation G( Im – C2 F ) =0.

Fault Reconstruction
The control of Eq. (18) with Eq. (23) yields the error equation:

Çe = [A ¡ c B(GC B) ¡ 1GC]e + B(d f + ud ) (34)

The transformation of n = T e with matrix T de� ned in Eq. (26)
yields

Çn = T [A ¡ c B(GC B) ¡ 1GC]T T n + T B(ud + d f ) (35)

By partitioning n = [n 1 n 2]T , Eq. (35) can be written as

Çn 1 = A11 n 1 + A12 n 2 , Çn 2 = As
21 n 1 + As

22 n 2 + B2(ud + d f )
(36)

where
¥

As
21 As

22

¦
= [A21 A22] + B2[K ¡ c (GC B) ¡ 1GC]T T (37)

The sliding variable and its derivative can be written as

s = GC1 n 1 + GC2 n 2 (38)

Çs = GC1 Çn 1 + GC2 Çn 2 (39)

Equation (38) can be rewritten as

n 2 = (GC2) ¡ 1( ¡ GC1 n 1 + s) (40)

and Eq. (30) becomes

Çs = GC1 Çn 1 + GC2 Çn 2

=
£
GC1( A11 ¡ A12 FC1) + GC2

¡
As

21 ¡ As
22 FC1

¢¤
n 1

+
¡
GC1 A12 + GC2 As

22

¢
(GC2) ¡ 1s + GC2 B2(ud + d f )

=
£
GC1( A11 ¡ A12 FC1) ¡ GC2

¡
As

21 ¡ As
22 FC1

¢¤
n 1

+
©
(a / d ) k GC2 B2 k I +

¡
GC1 A12 + GC2 As

22

¢
(GC2) ¡ 1

ª
s

+ GC2 B2d f (41)

Equation (41) governs the dynamics of sliding variable s in the
boundary layer and can be simpli� ed as

Çs = Ls + M n 1 + Nd f (42)

where

L = (a / d ) k GC2 B2 k I +
¡
GC1 A12 + GC2 As

22

¢
(GC2)

¡ 1

M =
£
GC1(A11 ¡ A12 FC1) ¡ GC2

¡
As

21 ¡ As
22 FC1

¢¤

N = GC2 B2 (43)

We propose the following simple theorem modi� ed from Ref. 26.
Theorem: Let (A11 ¡ A12 FC1) be Ar and the real parts of the

n –m eigenvalues be {¡ k 1, ¡ k 2, . . . , ¡ k n ¡ m}. Here k min is de� ned
as the minimum value of {k 1 , k 2, . . . , k n ¡ m}. Then, we have the
following:

1) For some real c , k eAr t k < c e ¡ k min t .
2) Here k n 1(t ) k is bounded by b(t) after a � nite period of time,

where b(t ) is the solution of the following equation:

Çb(t ) = ¡ k bb(t) + c d
®®A12(GC2) ¡ 1

®® (44)

where k b < k min and b(0) > 0.
Proof: Because part 1 is obvious, consider part 2. The insertion

of Eq. (40) into Eq. (36) yields

Çn 1 = Ar n 1 + A12(GC2)
¡ 1s (45)

which has the solution of

n 1(t ) = eAr t n 1(0) +
Z t

0

eAr (t ¡ s ) A12(GC2) ¡ 1s ds (46)

Therefore,

k n 1(t ) k · c e ¡ k min t k n 1(0) k +
Z t

0

c e ¡ k min (t ¡ s )
®®A12(GC2) ¡ 1

®® k s k d s

(47)

Because k s k · d in the boundary layer, Eq. (47) can be written as

k n 1(t ) k · c e ¡ k min t k n 1(0) k + c d

Z t

0

c e ¡ k min (t ¡ s )
®®A12(GC2) ¡ 1

®® d s

(48)

The solution of Eq. (44) is

b(t ) = e ¡ k b t b(0) + c d

Z t

0

e ¡ k min (t ¡ s )
®®A12(GC2) ¡ 1

®® d s (49)

Therefore, comparison of Eqs. (48) and (49) shows k n 1(t ) k ·b(t)
after a � nite period of time, with b(0) > 0 and k b < k min.

Consider Eq. (42) again. If fault or parameter variation repre-
sented by d f occurs at a certain time, the perturbed sliding variable
moves toward the sliding surface. After that, the dynamics of the
sliding variable is governed by Eq. (42) inside the boundary layer.
After a suf� cient time period, n 1 in Eq. (42) has a small value whose
norm is bounded by ( c d / k m ) k A12(GC2) ¡ 1 k . Because the values d
and c are naturally very small and k m can be made to be large, the
effect of n 1 might be negligible thereafter.

Therefore, we can approximate Eq. (42) as

Çs ¼ Ls + N d f (50)

The steady-state value of the sliding variable is then

sss ¼ ¡ L ¡ 1 Nd fss (51)

or

d f ¼ ¡ N ¡ 1 Ls (52)

Hence, monitoring the sliding variable enables the reconstruction
of the fault that can be characterizedby Eq. (16) and Assumption2.

III. Control Surface Damage Model
The linear equation of aircraft lateral motion is

2

6664

Çb
Çu

Çp

Çr

3

7775 =

2

66666664

Y b

VT

g cos h e

VT

Yp

VT

Yr

VT

0 0
cos c e

cos h e

sin c e

cos h e

l L b + r 1 N b 0 l L p + r 1 N p l Lr + r 1 Nr

l N b + r 2 L b 0 l N p + r 2L p l Nr + r 2Lr

3

77777775

£

2

664

b

u

p

r

3

775 +

2

66664

Y d a

VT

Yd r

VT

0 0
l L d a + r 1 N d a l L d r + r 1 N d r

l N d a + r 2 L d a l N d r + r 2L d r

3

77775

µ
d a

d r

¶
(53)

where the state vector consists of the sideslip angle b , the roll angle
u , the roll rate p, and the yaw rate r . Inputsare the aileronde� ection
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d a and the rudder de� ection d r . All of the notations used for the
elements are in standard fashion, in accordance with Ref. 28. The
stability derivatives Ya , La , and Na are de� ned in the traditional
manner; the subscript e attached to the path angle and the pitch
angle denotes trim values. The coef� cients l and r i are related to
the conversion of the moment of inertia from the body axis to the
stability axis,

l =
J 0

z J 0
x

Jx Jz ¡ Jx z

(54)

r 1 =
J 0

z J 0
x z

Jx Jz ¡ Jx z

(55)

r 2 =
J 0

x J 0
x z

Jx Jz ¡ Jx z

(56)

In the preceding equations, the moments of inertia in the numerator
are measured in the stability axis of the system, whereas those in
numerator are measured in body axis.28

Consider the parameter variations for the case in which some
parts of a control surface are damaged. The changes of system and
inputmatricescan be modeled by analyzingthe stability and control
derivatives. References 29 and 30 deal with this interesting topic.

If the aileron is damaged, the changes of system matrices can be
formulated as

D Aail = Bpail ¼ B

(

( f 0
a ¡ 1)

µ
l L d a + r 1 N d a l L d r + r 1 N d r

l N d a + r 2L d a l N d r + r 2 L d r

¶ ¡ 1 µ
l L b 0 l L p 0

0 0 0 0

¶)

¼ B

(

(f 0
a ¡ 1)

µ
L d a L d r

N d a N d r

¶ ¡ 1 µ
L b 0 L p 0

0 0 0 0

¶)

(62)

D Bail = Bhail = B

»
( f a ¡ 1)

µ
1 0

0 0

¶¼
(63)

D Arud = Bprud ¼ B

(

( f 0
r ¡ 1)

µ
l L d a + r 1 N d a l L d r + r 1 N d r

l N d a + r 2L d a l N d r + r 2L d r

¶ ¡ 1 µ
l L b + r 1 N b 0 l L p + r 1 Np l Lr + r 1 Nr

l N b + r 2 L b 0 l Np + r 2 L p l Nr + r 2 Lr

¶)

¼ B

(

( f 0
r ¡ 1)

µ
L d a L d r

N d a N d r

¶ ¡ 1 µ
L b 0 L p Lr

N b 0 N p Nr

¶)
(64)

D A = D Aail = ( f 0
a ¡ 1)

2

6664

0 0 0 0

0 0 0 0

l L b 0 l L p 0

0 0 0 0

3

7775
(57)

D B = D Bail = ( f a ¡ 1)

2

664

Y d a / VT 0

0 0

l L d a + r 1 N d a 0

l N d a + r 2 L d a 0

3

775 (58)

where the factor f a is the ratioof the damagedarea to the total aileron
area and f 0

a is the ratio of the damaged area to the overall wing.29

Similarly, the rudder damage can be described by the following
matrix with f r and f 0

r :

D A = D Arud = ( f 0
r ¡ 1)

£

2

664

Y b / VT 0 Yp / VT Yr / VT

0 0 0 0

l L b + r 1 N b 0 l L p + r 1 N p l Lr + r 1 Nr

l N b + r 2 L b 0 l Np + r 2 L p l Nr + r 2 Lr

3

775 (59)

D B = D Brud = ( f r ¡ 1)

2

664

0 Yd r / VT

0 0

0 l L d r + r 1 N d r

0 l N d r + r 2 L d r

3

775 (60)

The assumption that the longitudinal and lateral motions are de-
coupled is no longer valid if the elevator is damaged. Once an el-
evator on one side operates with less surface area, it produces less
moment than theotherelevatorabout the roll axisof theaircraft.This
moment can be modeled as a disturbance term added to Eq. (53):

B felev = da(1 ¡ f e)

2

664

0

0

l L d a + r 1 N d a

l N d a + r 2 L d a

3

775 d e (61)

where da is the ratio of the lateral elevator location to the aileron lo-
cation from the bodycenterof mass, f e is the ratio of the damagedel-
evator area to the total elevatorarea, and d e is the elevatorde� ection.

Note from Eqs. (57–61) that the parameters’ change due to the
control surface damages do not satisfy Assumption 2. However,
for conventionalaircraft, those variations approximately satisfy the
matchingconditions.This is becausethe valuesof l are much larger
than those of r i for most aircraft.

D Brud = Bh rud = B

»
( f r ¡ 1)

µ
0 1

0 1

¶¼
(65)

Therefore, the FDI and fault tolerantcontrolalgorithmdevelopedin
Sec. II can now be applied to the control surface damage problem.
The d f are

(d f )ail = pailx + hailu
D
= ( f 0

a ¡ 1) pEailx + ( f a ¡ 1)h Eailu

= ( f a ¡ 1){[Sa / (Sv + Sw )]pE ailx + h Eailu} (66)

(d f )rud = prudx + hrudu
D
= ( f 0

r ¡ 1) pErudx + ( f r ¡ 1)hE rudu

= ( f r ¡ 1){(Sr / Sv ) pErudx + hE rudu} (67)

(d f )elev = f 0
elev = da(1 ¡ f e)

µ
d e

0

¶
(68)

where Sa , Sv , Sw , and Sr denote areas of aileron, vertical � n, wing,
and rudder, respectively.

Let us de� ne the signals as

mail
D
= {[Sa / (Sv + Sw )]pE ailx + hEailu} (69)

mrud
D
= {(Sr / Sv ) pE rudx + hE rudu} (70)
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mele
D
= da

µ
d e

0

¶
(71)

Therefore, if the signals mail , mrud, and mele were to be monitored in
� ight and compared to the shape of the signal produced by Eq. (52),
then the kind of damage could be detected whereas the quantity of
damage could be diagnosed by way of the ratio of the signal being
monitored and the computed signal d f ¼ ¡ N ¡ 1 Ls .

IV. Numerical Simulation and Veri� cation
Consider an F-16 aircraft in steady-state pull-up motion.28 The

system can be written as
2

6664

Çb
Çu

Çp

Çr

3

7775 =

2

664

¡ 0.322 0.0612 0.298 ¡ 0.948

0 0.0930 1 0.310

¡ 62.5 0 ¡ 3 1.99

7.67 0 ¡ 0.262 ¡ 0.629

3

775

2

664

b

u

p

r

3

775

+

2

664

0.0003 0.00002

0 0

¡ 0.645 0.126

¡ 0.0180 ¡ 0.6667

3

775

µ
d a

d r

¶

Because the model is acquired by the numerical linearization of a
nonlinear model, the (2,2) element has a nonzero element that is
not expected in algebraic linearization. The measured outputs are
selected to be the sideslip angle and two angular rates.

The reference model is constructedby using the linear quadratic
method, which yields

K =

µ
5.28 ¡ 1.2631 ¡ 0.8921 ¡ 0.5381

18.0291 ¡ 2.9473 ¡ 0.1677 ¡ 7.3834

¶

F f =

µ
¡ 84.2926 12.7196 21.6319

26.7187 25.7248 ¡ 16.2008

¶

The sliding surface that is designed according to the procedure in
Sec. II is

G =

µ
0 ¡ 0.2463 0.9692

¡ 0.9999 ¡ 0.0116 10.4117

¶

Thus, the dynamics in the sliding motion, or transient error dynam-
ics, is governed by the eigenvalues as

k ( A11 ¡ A12 FC1) =

µ
¡ 3.5645

¡ 1.4359

¶

With these results, the reachingcontrol law proposedby the Lemma
can be designed. In this particular numerical example, the parame-
ters are set to be c =10 and a = ¡ 1. For the saturating control as
in Eq. (23), d =0.001 is used for each sliding variable.

Let us � rst consider the rudder damage case. Assume that the
damage occurs at 2 s with the value of f r = 0.8, which corresponds
to a 20% loss of the rudder surface.Figure 1 shows the performance
of the fault tolerant model following control system. The reference
input to the model is a step sideslip angle with a magnitude of
0.1 rad. In spite of the damage occurring at 2 s, the outputs of the
plant follow the reference model well after a short transient period.
The control input to the plant can be seen in Fig. 2. The nonlinear
control component is activatedat 2 s to make up for the rudder loss.

Figures 3 and 4 verify the FDI capability of the proposed al-
gorithm. The shape of the signal mrud has the same shape of
d f ¼ ¡ N ¡ 1Ls after a short transient period. Therefore, the detec-
tion can be achieved, and as predicted in Eq. (67), the ratio of the
two signals is ( f r ¡ 1).

Consider the elevator damage case. The elevator de� ection is
assumed to be a sine wave, and it acts as a disturbance, as seen in
Eq. (61). The model following performanceshown in Fig. 5 veri� es
the robustness of the proposed algorithm. The coupling effect of

Fig. 1 Model following performance (rudder damage case).

Fig. 2 Control input history (rudder damage case).

Fig. 3 Monitored signal and computed fault effect, � rst element (rud-
der damage case).
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Fig. 4 Monitored signal and computed fault effect, second element
(rudder damage case).

Fig. 5 Model following performance (elevator damage case).

Fig. 6 Control input history and assumed elevator de� ection (elevator
damage case).

the elevator damage is well damped by the nonlinear control as
seen in Fig. 6. Figure 7 shows the relation between the monitored
signal da [d e 0]T and the computed signal d f ¼ ¡ N ¡ 1Ls. It can
be concluded that fault diagnosis is possible because the monitored
signalmultipliedby 1 ¡ f e = 0.2 is almost the same as the computed
signal, even though the matching condition is not exactly satis� ed
in this case. The small errors between the two signals come from
this discrepancy.

Fig. 7 Monitored signal and computed fault effect (elevator damage
case).

V. Conclusions
The model following control scheme based on VSC developed

in this paper satis� es the reaching condition and has the ability to
reconstruct a certain set of faults. With the help of the invariance
property,thework of systemidenti� cationcan be avoided,and, thus,
the time required to cope with the faults is reduced. The proposed
algorithmcan also reconstruct the effects of control surface damage
by analyzingnonlinearcontrol action. The comparison of nonlinear
control action and the adequate set of signals enable diagnosis of
control surface damage. The proposed algorithm would be a useful
alternative to the existing fault tolerant control schemes that mostly
require a precise parameter estimation process. The applicability
of the algorithm proposed has been shown with the F-16 aircraft
with controlsurfacedamages.While maintainingsatisfactorymodel
following performance, the algorithm successfully diagnosed the
damages that occurred in the aircraft.
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